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In� uence of Nonlinear Viscoelastic Material Characterization
on Performance of Constrained Layer Damping Treatment

Farhan Gandhi¤

Pennsylvania State University, University Park, Pennsylvania 16802

The in� uence of nonlinear viscoelastic material behavior on the performance of a passive constrained layer
damping treatment is examined. For numerical simulations, a � nite element model of a beam, simply supported at
both ends, and with symmetric constrained layerdampingtreatments on the top and bottomsurfaces, is considered.
Results indicate that, if the viscoelastic material is relatively compliant, the damping provided by the treatment
will decrease for increasing excitation levels, due primarily to the reduction in the viscoelastic material shear loss
modulus.However, if the viscoelasticmaterial is relatively stiff, the dampingprovidedby the treatment will increase
for increasingexcitation levels, due primarilyto increased shear in the viscoelastic layerassociated with the decrease
in its shear storage modulus. The bene� ts obtained by segmentation of the constrained layer damping treatment
were seen to reduce substantially when the nonlinear behavior of the viscoelastic material was considered.

I. Introduction

O VER thepast severalyears therehasbeen considerableinterest
in the use of constrained layer damping treatments for struc-

tural vibration reductionand dampingaugmentation.Such damping
treatments typically comprise a viscoelastic layer bonded to a host
structure and covered by a relatively stiff constraining layer. As
shown in Fig. 1, when the host structure undergoes deformation,
the viscoelastic layer will shear and dissipate energy, thereby in-
troducing damping into the system and attenuating vibration. The
constraininglayer in the damping treatment can be either passiveor
active. In a passive constrained layer (PCL) damping treatment, the
purpose of the stiff constraining layer was simply to maximize the
shear in the viscoelastic layer. An active constrained layer (ACL)
damping treatment takes this conceptfurther.By the introductionof
a constraininglayer made of an active material (such as a piezoelec-
tric material), it is possible to further increase the shear in the vis-
coelastic layer by active elongationor shrinkageof the constraining
layer over appropriate portions of the vibration cycle and, thereby,
introduce additional damping. Further, the forces exerted on the
structure by the piezoelectric layer can produce some additional
vibration reduction through pure active control action. In recent
years, several researchers have conducted both numerical as well
as experimental investigations of the behavior of ACL damping
treatments.1¡8

In most of these studies, very � exible beams and plates are con-
sidered.The viscoelasticmaterial used in the treatmentusuallycom-
prises a layer of damping tape (for example, the type manufactured
by 3M), whose shear modulus is relatively low. Whereas a low
shear modulus viscoelastic material may be appropriate for rela-
tively � exible structures, it would be ineffective if the constrained
layer damping treatment were to be applied to relatively stiff struc-
tures such as buildings, bridges, tanks, and submarines. If PCL or
ACL damping treatments are applied to such large and heavy struc-
tures, the viscoelastic material in the treatment would be required
to have a considerably higher shear modulus, and elastomers such
as silicone- or carbon-� lled rubber might well be the material of
choice. Such elastomers are used extensively in the production of
heavy-duty commercial damping devices by manufacturers such
as Lord Corporation and Paulstra. However, the behavior of these
elastomeric materials is known to be nonlinearly dependent on the
shear strain amplitude.9¡14 Figure 2 shows a reduction in both stor-
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age modulus G 0 (a measure of the shear stiffness) and loss modulus
G 00 (a measure of the damping capacity) of a typical elastomer,with
increasing strain amplitude. Both the PCL and ACL concepts are
based on the premise that increased shear strain levels in the vis-
coelastic layer (relative to the overall system deformations) would
yield increased damping. Although this would generally be true for
a linear viscoelasticmaterial, it may not necessarily hold for a non-
linear viscoelastic material. For example, the decrease in the loss
moduluswith increasingshear strainamplitudecouldpossiblycause
a reduction in the damping. The present study seeks to investigate,
in detail, the effects of the nonlinear viscoelastic material behavior
(its amplitude-dependentstorage and loss modulus) on the perfor-
mance of PCL damping treatments.Both continuousand segmented
treatments are considered.

II. Analytical Model and Solution Scheme
To examine the in� uence of nonlinear viscoelasticmaterial char-

acterization on constrained layer damping treatment performance,
an elastic beam simply supported at both ends, with the treatment
applied symmetrically on the upper and lower surfaces, is con-
sidered. The structure is discretized spatially using the � nite ele-
ment method (schematic shown in Fig. 3), with the development
of the � nite element equations of motion described in Sec. II.A.
The nonlinear viscoelastic material behavior is represented by us-
ing an amplitude-dependentstorage and loss modulus as indicated
in Fig. 2. Although such a frequency-domaincharacterizationof the
nonlinearviscoelasticmaterial behaviorwould not allow prediction
of certain complex phenomena (for example, limit-cycle oscilla-
tions), it provides a good approximation of the change (either an
increase or decrease) in damping that could be expected as com-
pared to that available from a linear viscoelasticlayer. Additionally,
because such a frequency-domain characterization using complex
modulus is routinely used for linear viscoelastic constrained layer
damping treatments, it is very convenient for comparison. Section
II.B describes the procedure used to calculate the damping.

A. Equations of Motion
1. Kinematics of Deformation

Figure 4 shows a section of the beam in the deformed con� gu-
ration (where @w0=@x is the slope and ° is the shear angle in the
viscoelastic layer) and can be used to obtain expressions for the ax-
ial displacements in the individual layers. The axial displacement
in the base beam is

ub D ¡z
@w0

@x
(1)
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Fig. 1 Schematic of constrained layer damping concept.

Fig. 2 Variation of viscoelastic material storage and loss modulus vs
shear strain amplitude.

Fig. 3 Finite element discretization of beam with constrained layer
damping concept.

Fig. 4 Kinematics of deforma-
tion.

Axial displacements in the top and bottom viscoelastic layers, re-
spectively, are

uvt D ¡z
@w0

@x
C

³
z ¡

tb
2

´
°; uvb D ¡z

@w0

@ x
C

³
z C

tb

2

´
°

(2)

and the axial displacements in the top and bottom constraininglay-
ers, respectively, are
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2. Strains in the Individual Layers
The normal strains in the individual layers can then be obtained

as
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in the top and bottom viscoelastic layers, respectively, and
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in the top and bottom constraining layers, respectively. The trans-
verse shear strain "zx is zero for the base beam and the constraining
layers. For both upper and lower viscoelastic layers, "zx D ° .

3. Strain Energy Variation
The variationin strain energy±U has contributionsdue to � exural

deformations and shear deformations and can be written as
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In Eq. (7) Young’s modulus E varies from layer to layer (Eb for the
beam, Ev for the viscoelastic material, and Ec for the constraining
layer), and the viscoelasticlayers alone contributeto the shear strain
energy variations (G¤ D G 0 C jG 00 is the complex shear modulus,
whose components vary with shear strain amplitude as indicated in
Fig. 2). Introducing the expressions for strains in the various layers
[Eqs. (4–6)] into Eq. (7) and evaluatingthe integrals over the cross-
section yield
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4. Kinetic Energy Variation
The variation in kinetic energy ±T can be written as
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The � rst termandsecondterm, respectively,representkineticenergy
variation due to transversemotion, w0, and longitudinalmotion, u.
Differentiating Eqs. (1–3) with respect to time to obtain the axial
velocities in the individual layers and evaluating the integral over
the cross section yields
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where &b , &v , and &c are the mass densities of the base beam, vis-
coelastic layer, and constraining layer, respectively.

5. Finite Element Discretiztion
The equations of motion are obtained by using expressions

for strain energy variation [Eq. (8)] and kinetic energy variation
[Eq. (11)] in the Hamilton’s principle and by discretizing the struc-
ture using the � nite element method (Fig. 3). Over the length of any
individual element, the transverse displacement w0 and the shear
angle ° are assumed to vary as follows:

w0 D Nw1 w1 C Nµ1 µ1 C Nw2 w2 C Nµ2 µ2; ° D N1°1 C N2°2

(13)

where w1 and µ1 are the transverse displacement and slope at the
left end node of the element, w2 and µ2 are correspondingvalues at
the right end, and °1 and °2 are the shear angles at the left and right
ends of the element, respectively. The shape functions in Eq. (13)
are
¥
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where » is the nondimensional local coordinate within the element
(0 < » < 1) and l is the element length. When the element degree-of-
freedom vector is denoted as fqg D bw1 µ1 °1 w2 µ2 °2cT , from
Eq. (13),
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° D [B2]fqg; [B2] D [0 0 N1 0 0 N2] (15b)

where thederivativesof shapefunctionsin Eq. (15a) are with respect
to » . Introducing Eqs. (15) into Eq. (8) and integrating along the
element length yield the 6 £ 6 element stiffness matrix:
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From Eq. (13), the following expressions can also be obtained:
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IntroducingEqs. (17) into Eq. (11) and integratingalong theelement
length yield the 6 £ 6 element mass matrix:
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The element stiffness and mass matrices can be assembled to
produce the global stiffness and mass matrices. After application
of global geometric boundary conditions, the system equations of
motion can be written as

MG RqG C KG qG D FG (19)

Note that FG is the external load vector and that the global
stiffness matrix is a complex matrix, KG D K 0

G C j K 00
G [because

G¤ D G 0 C jG 00 in Eq. (16)].

B. Solutions of Equations of Motion and Damping Calculation
The system is subjectedto a transversesinusoidalexcitationforce

at the midpoint. When an initial guess for the viscoelastic material
storage and loss modulus is used, the harmonic balance method
is used to calculate the system periodic response to the excitation
force. With an estimate of the shear distribution along the length of
the viscoelastic layer now available, updated values of storage and
loss modulus are used for the different elements, and the response
to the excitationforce is recalculated.This process is continuediter-
atively until a converged nonlinear response is determined (Fig. 5).
The process is then repeatedover a range of different excitation fre-
quencies,to obtaina frequency-responsefunctionfor a givenexcita-
tion load amplitude. Qualitatively, the frequency-responsefunction
appears fairly similar to that of a linear system (no clearly dis-
cernible evidence of softening behavior of jump phenomena), and
the half-powerbandwidthmethod is then used to estimate the equiv-
alent damping ratio. Because the half-power bandwidth method is
rigorously applicable to linear systems, the approach used here for
damping calculationis an approximation.However, it is an effective
approachthat has also beenused by other researchersexamining the
damping characteristics of complex nonlinear systems (for exam-
ple, Ref. 15). The frequency-responsefunction is then obtained for

Fig. 5 Flowchart for iterative calculation of nonlinear response.

a number of different excitation amplitudes, to study the impact
of the nonlinear viscoelastic behavior on the performance of the
constrained layer damping treatment.

Note that the system has to be discretized into a large number
of elements even when damping is only considered in the funda-
mental mode. This is because the shear strain varies signi� cantly
along the length of the treatment (assuming large values near the
free edges and reduced values between). Because the viscoelastic
material storage and loss modulus are strongly dependent on the
shear strain amplitude, if the variation of the shear strain along the
treatment length is not predictedaccurately, that would compromise
any study seeking to examine the effect of material nonlinearity on
the performance of the treatment.

III. Results and Discussion
The damping in the � rst bending mode is numerically exam-

ined for a beam, simply supported at both ends, with PCL damping
treatmentextendingover the entire length of the top and bottomsur-
faces.The materialparametersused in the simulationareprovidedin
Table 1 and the geometric parameters in Table 2. Two speci� c con-
� gurations are considered in the study. The differences between
these two con� gurationsare in the length of the beam and the thick-
ness and shear modulus of the viscoelastic layer. For the contin-
uous treatments considered in Secs. III.A and III.B, the beam is
discretized into 10 elements along its length. For the segmented
treatment in Sec. III.C, 20 elements are used because the shear
strain variations along the treatment length are much more signi� -
cant (details given in Sec. III.C).

A. Con� guration 1
Figure 6 shows frequency-responsefunctions for increasingam-

plitudes P0 of the sinusoidal excitation force. For larger values of
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Table 1 Material properties used
in � nite element simulationa

Property Value

Young’s modulus, N/m2

Beam 7:1 £ 1010

Constraining layer 6:49 £ 1010

Mass density, kg/m3

Beam 2700
Constraining layer 7600
Viscoelastic layer 1250

aViscoelastic material storage and loss modulus for
con� guration 1 is provided in Fig. 2. Values for con-
� guration 2 are larger by a factor of 20.

Table 2 Geometric properties used in � nite element simulation

Property Con� guration 1 Con� guration 2

Thickness, m
Beam 4:0 £ 10¡3 4:0 £ 10¡3

Viscoelastic layer 1:0 £ 10¡3 0:5 £ 10¡3

Constraining layer 1:0 £ 10¡3 1:0 £ 10¡3

Length, m 300£ 10¡3 500£ 10¡3

Width, m 20:0 £ 10¡3 20:0 £ 10¡3

Fig.6 Normalizedfrequency-response function for different excitation
levels (con� guration 1).

P0, the normalizedpeak resonantresponseis seen to increase,which
implies that there is less vibration attenuationand reduced damping
will be available.

Figure 7a shows the variation in damping ratio vs increasing res-
onant response amplitude (due to increasing loading levels, P0 ).
When the viscoelastic material is assumed to be linear, the pre-
dicted damping in the fundamental mode is about 4.33% critical.
When variation in storage modulus G 0 and loss modulus G 00 vs am-
plitude is considered,the damping is seen to decrease for increasing
excitation levels. This is consistent with the observationsof Fig. 6.
To developa clearerphysicalunderstanding,individualvariationsof
G 0 and G 00 were also considered.Figure 7a indicatesthat, if variation
in G 00 alone is considered (G 0 constant), the decrease in damping
ratio would be even larger. Conversely, if variation in G 0 alone is
considered(G 00 constant), the dampingratio would actually increase
slightly with increasing excitation levels. This increase in damping
can be attributed to increases in shear strain levels in the viscoelas-
tic layer associatedwith the softeningof the viscoelasticmaterial at
higherexcitationlevels(seeFig. 2). Thus, for largerexcitationlevels,
the softeningof the viscoelasticmaterial (reduction in G 0) produces
an increase in damping, whereas the reduction in the loss modulus
G 00 produces a decrease in damping. The net change in damping
level due to variations in both G 0 and G 00 is a combination of these
two individualeffects.For con� guration1, the reductionin damping

Fig. 7a Modaldampingvariationas a function of excitation level (con-
� guration 1).

Fig. 7b Modal frequency variation as a function of excitation level
(con� guration 1).

due to a decreasein G 00 is much more dominantand producesthe net
reduction seen in damping ratio. Note that the signi� cant reduction
in damping seen in Fig. 7a due to viscoelasticmaterial nonlinearity
was obtained for a maximum beam transverse displacement of no
greater than 5% of the beam length (small enough that geometric
nonlinearitieswould be insigni�cant). Figure 7b shows the variation
in natural frequency, as a function of excitation levels. Although a
reduction in natural frequency is seen due to the decrease in G 0

with excitation amplitude, the actual magnitude of this reduction is
relatively insigni� cant.

Figures 8a and 8b show the variation in shear strain along the
length of the constrained layer damping treatment when the system
is driven at its fundamental frequency, for forcing amplitudes of
P0 D 1 N and P0 D 10 N, respectively. For P0 D 1 N (Fig. 8a), it is
seen that the shear strain level is close to that predicted for a linear
viscoelasticmaterial (constant G 0 and G 00). However, for P0 D 10 N
(Fig. 8b), the shear strain levels are considerablyhigher than those
predicted for a linear viscoelastic material. The increase in shear
strain, relative to that of a linear viscoelasticdamping layer, is asso-
ciated with the increased overall response amplitude at resonance,
due to reduced system damping.

B. Con� guration 2
Figure 9 shows the variation in damping ratio vs increasing res-

onant response amplitude for the con� guration 2. As compared to
con� guration 1 (see Tables 1 and 2), the beam is longer, the vis-
coelastic layer thickness is reducedby one-half,and the viscoelastic
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Fig. 8a Variation of shear strain along treatment length for P0 = 1 N
(con� guration 1).

Fig. 8b Variation of shear strain along treatment length for P0 = 10 N
(con� guration 1).

material shear modulus is increased by a factor of 20 (while retain-
ing the same variation with strain amplitude shown in Fig. 2). For
this system, if the viscoelastic material is assumed to be linear, the
predicted damping in fundamental mode is 3.78%. When variation
in G 0 and G 00 with strain amplitude is considered, an increase in
damping is observedfor increasingexcitation levels. This is in con-
trast to the results for con� guration 1 (Fig. 7a), where the damping
was seen to decreasefor increasingexcitationlevels.Individualvari-
ations of G 0 and G 00 were again considered for con� guration 2. As
was the case for con� guration 1, Fig. 9 indicates that variation in
G 00 alone (G 0 constant) produces a decrease in damping, whereas
variation in G 0 alone (G 00 constant) produces an increase in damp-
ing. However, as compared to Fig. 7a (con� guration 1), it is seen
in Fig. 9 that the increase in damping due to the softening of the
viscoelastic material is much more signi� cant and is responsible
for producing a net damping increase when variations in both G 0

and G 00 are considered.Note that a relatively compliant viscoelastic
material was used in con� guration 1. This allowed the viscoelastic
layer to undergo a fair amount of shear, and further softening did
not have a dramatic in� uence. On the other hand, a relatively stiff
viscoelastic material was used in con� guration 2, which allowed
smaller amounts of shear and energy dissipation. In this case, the
softening of the viscoelasticmaterial allowed a signi� cant increase
in shear and produced more damping.

Figure 10 shows the variation in shear strain along the length of
the constrained layer damping treatment when the system is driven
at its fundamental frequency, with P0 D 30 N. When variation in
G 0 alone is considered (G 00 constant), the increase in damping pro-

Fig. 9 Modal damping variation as a function of excitation level (con-
� guration 2).

Fig. 10 Variation of shear strain along treatment length for P0 = 30 N
(con� guration 2).

duces a smaller resonant response and the shear strain levels cor-
respondingly decrease. When variation in G 00 alone is considered
(G 0 constant), the decrease in damping produces a larger resonant
response and the shear strain levels are correspondinglyseen to in-
crease. When variations in both G 0 and G 00 are considered,the shear
strains levels lie somewhere in between.

C. Segmented Treatment
It is well understood that for given modulus and thickness ra-

tios, there exists an optimal length of the constrainedlayer damping
treatment.16 Because an increase in the length of the treatment be-
yond the optimal value produces a reduction in damping, this pro-
vides a motivation for segmenting the treatment. For con� guration
2, the lengthof the continuoustreatmentexceedsthe optimal length,
and the in� uence of segmentation,as shown in Fig. 11, is examined.
Considering linear viscoelasticmaterial behavioronly, the damping
ratio for the segmentedtreatment is found to be 8.48% (signi� cantly
larger than the 3.78% available with the continuous treatment). Fig-
ure 12 compares the shear straindistributionin the viscoelasticlayer
for thecontinuousand segmentedtreatments(consideringlinearvis-
coelasticbehavioronly). For both the continuousand the segmented
treatments in Fig. 12, the excitation force amplitude was adjusted
so that the peak transverse displacement at resonance was 5% of
the beam length. Thus, the spatial distributionof shear strain for the
two cases corresponds to identical transverse displacements of the
beam. Segmentation clearly produces regions of higher shear strain
amplitude at the additional free edges of the treatment, and this is
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Fig. 11 Finite element discretization of beam with segmented constrained layer damping treatment.

Fig. 12 Variation of shear strain for continuous and segmented treat-
ments.

Fig. 13 Modal dampingvariation as a function of excitation level (seg-
mented treatment).

responsible for the overall increase in damping. When variations in
G 0 and G 00 are considered, the variation in damping for increasing
excitationlevels is shown in Fig. 13.As before,variationin G 00 alone
(G 0 constant) reduces the damping, whereas variation in G 0 alone
(G 00 constant) increases the damping. The individual in� uences are
almostcomparable,with only a slightnet decreasein damping when
variation in both G 0 and G 00 is considered.A comparison of Figs. 9
and 13 indicates that when the treatment is segmented, the increase
in damping due to softening of the viscoelastic layer (variation in
G 0) has a smaller effect. To understand this difference, note that
for con� guration 2 the viscoelastic layer was very stiff and allowed
relatively little shear in the continuous treatment. Segmentation re-
duced the overall system stiffness considerably (natural frequency

reduces from 44.8 Hz for the unsegmented treatment to 32.2 Hz
for the segmented treatment). Thus, whereas the softening of the
viscoelasticmaterial had a substantial in� uence on the performance
of the unsegmented treatment (which was fundamentally stiff), it
had a less signi� cant effect on the performance of the segmented
treatment (which was more compliant). If only linear viscoelas-
tic material characterization is considered, a net 4.7% increase in
damping ratio is predicted due to segmentation (3.78% for the con-
tinuous treatment compared to 8.48% for the segmented treatment).
However, if nonlinear viscoelastic material behavior is considered,
the increase in damping can be as little as 2.2%. It is conceivable
that, for changes in system parameters, an increase in damping due
to segmentation may be predicted when linear viscoelatic material
characterization is considered, but a decrease in damping may be
observed when the nonlinear characterizationis considered.

IV. Conclusions
Previous studies on active and passive constrained layer damp-

ing treatments have assumed linear viscoelasticbehavior.However,
many damping materials such as silicone- or carbon-� lled elas-
tomers are known to display nonlinear behavior, with the storage
and loss modulus generally decreasingwith shear strain amplitude.
This study examines the in� uence of such an amplitude-dependent
variation of the complex modulus on the performance of a passive
constrainedlayer damping treatment. The observationsdrawn from
the results of the � nite element simulations presented are summa-
rized next.

In general, both reduction in storage modulus, as well as loss
modulus, with increasing strain amplitude will have an impact on
theperformanceof thedampingtreatment.Thedegreeof the individ-
ual contributionsdepends on the shear modulus of the viscoelastic
material relative to the stiffness of the structure. For increasing ex-
citationlevels, the reduction in the loss modulus results in an overall
reduction in damping provided by the treatment if the viscoelastic
material is relatively compliant. However, if the viscoelastic ma-
terial is relatively stiff, the reduction in its storage modulus with
increasingstrain amplitudenow allows signi� cantly larger amounts
of shear in the layer, and this results in an overall increase in the
damping provided by the treatment. The bene� ts obtained by seg-
mentation of a constrained layer damping treatment could reduce
considerably when the nonlinear behavior of the viscoelastic ma-
terial is considered. This is reasonable because segmentation, in
general, increases the shear strain levels in the constrained layer
damping treatment, effectively making a relatively stiff damping
treatment more compliant.
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